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be a double power series with the associated radii of convergence T) (p(r). Consider the points x of the circle x \ < r, where r has an arbitrary value in the interval of definition of the function <p(r). Then the lower limit of Rx for the points of this circle is equal precisely to <p(r).
On the following theorem Hartogs bases his proof of a number of important theorems.*
Theorem. Let T be an arbitrary domain of the x-plane, and let /(a;, y] be analytic in the points (x, 0), where x lies in T.
Let B be a regular region lying within T, and let px be a positive real function of x, such that
(1)  log px is harmonic within B:
A log px = 0;
(2)  px is continuous on the boundary C of B, and the boundary values px\ c are positive.
If , now,
then, throughout the whole interior of J3,
Finally, if at a single interior point the lower sign holds, then RX = Px throughout jB.
Hartogs finds further that if Rx is continuous together with its partial derivatives of the first and second orders, then Rx satisfies the differential inequality:
A log Rx ^ 0.
The definition and the properties of the function Rx here considered have been extended to the case that f(x, y) is allowed to be meromorphic instead of being restricted to being analytic, in a paper by Levi.f
* Math. Ann., 62 (1905), p. 46.
t E. E. Levi, Ann. di mat. (3), 17 (1910), p. 12.